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Abstract. The unsteady two-dimensional flow of a viscous incompressible fluid past an impulsively started os-
cillating and translating elliptic cylinder has been investigated. The governing Navier-Stokes equations expressed
in terms of a stream-function/vorticity formulation are solved numerically for the early stages of the flow for
moderate to high Reynolds numbers. A boundary-layer type transformation was adopted to scale out the singular
nature in the vorticity at the start of the motion. Some comparisons of the flow patterns with the impulsively
started translating case have been included to illustrate the effect of oscillation. Wherever possible, comparisons
with existing numerical results have been made and the agreement was found to be good.
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1. Introduction

The unsteady flow of a viscous incompressible fluid has long been of interest and has been
reported in numerous studies. For the case of unsteady two-dimensional flow past a body
of cylindrical cross section previous investigations may be divided into the following three
categories: theoretical, numerical and experimental. Theoretical work has been conducted for
a cylinder started impulsively from rest and subsequently moving with constant velocity in
a viscous fluid. For small times after the start the flow can be determined using boundary-
layer theory. Blasius [1], Goldstein and Rosenhead [2], Schuh [3], Wundt [4] and Watson
[5] have all adopted this approach in the limiting case of infinite Reynolds number, Re, for
a circular cylinder. The extension to include finite, but high values of the Reynolds number
(based on the diameter of the cylinder) was addressed by Wang [6] and Collins and Dennis
[7]. In these investigations the flow variables are expanded in powers of the time from the
start of the motion and are consequently restricted to small times after the impulsive start. The
underlying basic structure of the initial motion for the case of an elliptic cylinder has been
worked out by Staniforth [8].

To advance the solution to larger times the governing unsteady Navier–Stokes equations
must be handled numerically. The first numerical solutions, again for the case of the circular
cylinder, were performed by Payne [9] for Re= 40, 100 and were integrated to moderate
values of the time. This problem was further investigated by Kawaguti and Jain [10], Son
and Hanratty [11], Jain and Rao [12], Thoman and Szwezuk [13], Dennis and Staniforth [14]
and Collins and Dennis [15]. The more difficult problem involving asymmetric flow has been
considered by Patel [16] for the case of the elliptic cylinder while Badr and Dennis [17] have
solved the problem of an impulsively started rotating and translating circular cylinder. Lugt
and Ohring [18] have solved the pure rotational case of an elliptic cylinder in a viscous fluid
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340 S. J. D. D’Alessio et al.

at rest and in a parallel stream. In all of these listed references very small time steps were
taken in the integration procedure at the start of the motion due to the singular nature of the
impulsive start which we will later expound upon.

The third category is that of unsteady experimental work. Coutanceau and Bouard [19] and
Bouard and Coutanceau [20] conducted experiments for the symmetrical case of flow past a
circular cylinder while the asymmetrical analog was dealt with by Coutanceau and Menard
[21]. The numerical work of Badr and Dennis for Re= 200 agrees extremely well with the
measurements reported by Coutanceau and Menard. For the flow generated by an impulsively
started elliptic cylinder, comparisons between numerical simulation and experimental visual-
ization can be found in Locet al. [22] and Daubeet al. [23]. Recently, Ohmiet al. [24–25]
carried out experiments on vortex formation around an oscillating and translating airfoil for
Reynolds numbers (based on the chord length) between 1,500 and 10,000.

In the present paper we consider the two-dimensional flow caused by an infinitely long
elliptic cylinder set in motion impulsively which translates with uniform velocityU and also
undergoes a harmonic oscillation in pitch having a frequencyf . The results of this research are
of both theoretical and practical importance since it adds to the knowledge of vortex formation
and because this problem can be related to several engineering applications. For example, the
oscillation in pitch can either be produced by a periodic fluctuation in the external flow or
can represent a forced oscillation of the body itself. Some applications corresponding to these
possibilities include an airfoil passing through turbulence or the pitching oscillation of a heli-
copter’s rotor. A frame of reference which translates and rotates with the cylinder is employed
where the flow variables chosen to describe the motion of the viscous incompressible fluid
are taken to be the stream function and the vorticity. The main object of the present study
is to obtain numerical solutions of the Navier-Stokes equations for early times which further
elaborate the vortex shedding process and how it evolves in time. A numerical technique based
on that of Staniforth [8] is utilized and is successful in computing the early development of
the flow for moderate to high Reynolds numbers.

The paper is organized as follows. In Section 2 the equations and boundary conditions
dictating the flow are presented and a coordinate system which is more appropriate for the
geometry considered is introduced. Following this, in Section 3, a boundary-layer type trans-
formation is applied to the equations to better deal with the early structure of the flow. Sec-
tion 4 outlines a numerical method to solve the transformed set of equations. The results
obtained, with emphasis placed on the computed instantaneous flow patterns, are discussed
in Section 5 along with a demonstration of convergence of the numerical scheme proposed.
Lastly, a brief summary is given in Section 6.

2. Governing equations and boundary conditions

The elliptic cylinder having an axis coinciding with thez-axis is impulsively set into motion
at t = 0 and is simultaneously subjected to a steady translational motion with speedU in the
positivex direction as well as a harmonic oscillation in pitch about thez-axis. The angle of
attack,α(t), defined as the angle that the major axis makes with the positivex-axis is chosen
to vary according to

α(t) = α0− δ cos(2πf t), (1)

whereδ andf denote the dimensionless amplitude and frequency of oscillation respectively
andα0 refers to the average inclination of the ellipse over one periodT (T = 1/f ).
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Unsteady viscous flow341

In a reference frame that translates and oscillates with the cylinder the elliptic airfoil would
be observed to be stationary; however, the flow at large distances would appear to translate
and oscillate in an opposite direction to that of the cylinder. In this frame the unsteady dimen-
sionless equations for a viscous incompressible fluid expressed in primitive variables can be
written in vector form as

∂v
∂t
+ (v · ∇)v+ 2�̇× v+ �̈× r + �̇× (�̇× r) = −∇P − 2

Re
∇ × w, (2)

∇ · w = 0. (3)

For two-dimensional flow taking place in thex − y-plane we define the velocityv = (u, v,0)
and the vorticityw = ∇ × v = (0,0, ζ ). The angular velocitẏ� and angular acceleration̈�
are given by

�̇ = (0,0, α̇(t)), �̈ = (0,0, α̈(t)), (4)

since the oscillation is about thez-axis. Here, the dot denotes differentiation with respect to
time. In Equation (2)r is the position vector,P is the pressure and Re is the Reynolds number
defined as Re= 2Uc/ν whereν is the kinematic viscosity and 2c is the focal distance.
The terms 2̇� × v̇, �̈ × r and�̇ × (�̇ × r) represent noninertial accelerations that must be
incorporated into the equations due to the choice of the reference frame; they are known as
the Coriolis, transverse and centripetal accelerations, respectively.

Since the flow is two-dimensional it is beneficial to express the governing Navier-Stokes
equations in terms of a stream functionψ and scalar vorticityζ . The dimensionless functions
ψ andζ are related to their dimensional counterpartsψ∗ andζ ∗ through

ψ∗ = cUψ, ζ ∗ = Uζ/c. (5)

In terms of the dimensionless velocity componentsu, v obtained by dividing the correspond-
ing dimensional components byU we have that

u = −∂ψ
∂y
, v = ∂ψ

∂x
, ζ = −∂u

∂y
+ ∂v
∂x
. (6)

In Cartesian coordinates the resulting equations forψ andζ assume the following form

∂2ψ

∂x2
+ ∂

2ψ

∂y2
= ζ, (7)

∂ζ

∂t
+ 2α̈ = −∂ψ

∂x

∂ζ

∂y
+ ∂ψ
∂y

∂ζ

∂x
+ 2

Re

(
∂2ζ

∂x2
+ ∂

2ζ

∂y2

)
, (8)

where the dimensionless timet is related to the dimensional timeτ throught = Uτ/c. The
dimensional frequencyF is made dimensionless throughF = fU/c and is an important
parameter in this investigation since it prescribes the relative rotational speed of the tips of the
ellipse compared with the translational speed of the flow. Of the three noninertial accelerations
previously mentioned, only the transverse acceleration appears in Equation (8).
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Because the Cartesian coordinate system is not well suited for numerical work, we intro-
duce the conformal transformation

x + iy = cosh[(ξ + ξ0)+ iθ], (9)

which transforms the contour of the cylinder toξ = 0 and the infinite region exterior to the
cylinder to the semi-infinite rectangular stripξ > 0, 06 θ 6 2π . The constantξ0 appearing
in Equation (9) is defined by

tanhξ0 = r̂ , (10)

wherer̂ is the aspect ratio of the elliptic and is equal to the ratio of the minor to major axis. In
the transformed coordinates(ξ, θ) Equations (7), (8) become

∂2ψ

∂ξ2
+ ∂

2ψ

∂θ2
= H 2ζ, (11)

∂ζ

∂t
+ 2α̈ = 1

H 2

[
−∂ψ
∂ξ

∂ζ

∂θ
+ ∂ψ
∂θ

∂ζ

∂ξ
+ 2

Re

(
∂2ζ

∂ξ2
+ ∂

2ζ

∂θ2

)]
, (12)

whereH refers to the metric of the transformation given by

H 2 = 1
2[cosh 2(ξ + ξ0)− cos 2θ]. (13)

The velocity components(vξ , vθ ) in the directions of increase of(ξ, θ) now become

vξ = − 1

H

∂ψ

∂θ
, vθ = 1

H

∂ψ

∂ξ
(14)

and the vorticity is found through

ζ = 1

H 2

(
− ∂

∂θ
(Hvξ)+ ∂

∂ξ
(Hvθ)

)
. (15)

Boundary conditions forψ andζ include the no-slip condition

ψ = 0,
∂ψ

∂ξ
= 0 on ξ = 0 (16)

and that of periodicity

ψ(ξ, θ, t) = ψ(ξ, θ + 2π, t), ζ(ξ, θ, t) = ζ(ξ, θ + 2π, t). (17)

At large distances we demand that

exp(−ξ)∂ψ
∂ξ
→− α̇(t)

4
exp(ξ + 2ξ0)+ 1

2 exp(ξ0) sin(θ + α(t)),

exp(−ξ)∂ψ
∂θ
→ 1

2 exp(ξ0) cos(θ + α(t)), ζ →−2α̇(t) as ξ →∞. (18)
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Condition (18) is referred to as the free stream or far-field condition. Because of the reference
frame employed these conditions take on a more complicated form which are time dependent.
By inspecting the boundary conditions we see that there are two conditions for the stream
function on the cylinder surface while none for the vorticity. Later we will discuss a method
of handling this situation.

3. Formulation in boundary-layer coordinates

Due to the impulsive start, a singularity in the vorticity att = 0 arises. This can be seen by
examining the initial solution of the vorticity transport equation. Immediately after the start
the dominant terms in Equation (12) will be given by the balance of

∂ζ

∂t
= 2

ReH 2
0

∂2ζ

∂ξ2
− 2α̈(t), (19)

whereH0 is the metric evaluated on the cylinder surfaceξ = 0. The general solution to the
above is

ζ(ξ, θ, t) =
√

ReH 2
0

t
exp

(
−ReH 2

0 ξ
2

8t

)
G(θ)− 2α̇(t), (20)

whereG(θ) denotes an arbitrary function ofθ . By examining this solution we see that att = 0
the surface vorticity is infinite where elsewhere the vorticity is zero. This corresponds to an
infinitesimally thin ring of vorticity of infinite magnitude generated on the cylinder surface.

Since it is impossible to represent the solution given by (20) numerically att = 0 as
required by a numerical scheme, this solution cannot be accurately represented by any finite
difference scheme. To overcome this difficulty we make the following boundary-layer type
transformation

ξ = λz, ψ = λ9, ζ = ω/λ, λ =
√

8t

Re
, (21)

which removes the inherent singularity. In this transformationλ denotes the growth of the
boundary-layer structure of the initial solution. This change of variables stretches the thin
boundary-layer and rescales the stream function and vorticity so that they are of order unity.
This transformation has been used by several authors, some of which include Collins and
Dennis [15], Staniforth [8], Dennis and Staniforth [14] and Badr and Dennis [17]. In terms of
these so-called boundary-layer coordinates Equations (11), (12) now become

∂29

∂z2
+ λ2∂

29

∂θ2
= H 2ω, (22)

1

H 2

∂2ω

∂z2
+ 2z

∂ω

∂z
+ 2ω = 4t

∂ω

∂t
− λ2

H 2

∂2ω

∂θ2

− 4t

H 2

(
∂9

∂θ

∂ω

∂z
− ∂9
∂z

∂ω

∂θ

)
+ 8λtα̈. (23)
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Thus, the early stages of the flow are best described by Equations (22), (23). For later times it
may be worthwhile to switch back to the physical coordinates(ξ, θ) once the boundary-layer
thickens appreciably. We emphasize that although boundary-layer coordinates are utilized, the
full Navier-Stokes equations are to be solved and not the simplified boundary-layer equations.

4. Numerical solution technique

The numerical method implemented to solve Equations (22), (23) is similar to that outlined in
Staniforth [8] and will be briefly described below. We begin by discretizing the computational
domain bounded by 06 z 6 z∞ and 06 θ 6 2π into a network ofN × M grid points
located at

zi = ih, i = 0,1, . . . , N, (24)

θj = jk, j = 0,1, . . . ,M (25)

with

h = z∞
N
, (26)

k = 2π

M
. (27)

Here,z∞ refers to the outer boundary approximating infinity. By placingz∞ well outside
the growing boundary-layer this enables us to enforce the free stream condition (18) along
the linez = z∞. Expressed in terms of the boundary-layer coordinates(z, θ) this condition
becomes

exp(−λz)∂9
∂z
→− α̇(t)

4
exp(λz+ 2ξ0)+ 1

2 exp(ξ0) sin(θ + α(t)),

exp(−λz)∂9
∂θ
→ 1

2λ
exp(ξ0) cos(θ + α(t)), ω→−2λα̇ as z→∞. (28)

We point out that the physical coordinateξ = λz is a moving coordinate and hence the outer
boundaryξ∞ = λz∞ is constantly being pushed further away from the cylinder surface at a
rate which reflects the growth of the boundary-layer. For this reason we are justified in saying
that the vorticity, by the mechanism of convection, does not reach the outer boundaryξ∞.

We solve for the stream function by expanding it into a Fourier series given by

9(z, θ, t) = 1
2F0(z, t)+

∞∑
n=1

[Fn(z, t) cosnθ + fn(z, t) sin nθ]. (29)

This then transforms Equation (22) into the following sets of equations forFn andfn, which
at a given timet can be viewed as ordinary differential equations

∂2fn

∂z2
− n2λ2fn = rn(z, t); n = 1,2, . . . , (30)
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Unsteady viscous flow345

∂2Fn

∂z2
− n2λ2Fn = sn(z, t); n = 0,1, . . . , (31)

where the functionsrn(z, t) andsn(z, t) are defined as

rn(z, t) = 1

π

∫ 2π

0
H 2ω sin nθ dθ; n = 1,2, . . . , (32)

sn(z, t) = 1

π

∫ 2π

0
H 2ω cosnθ dθ; n = 0,1, . . . . (33)

Boundary conditions forFn andfn can be obtained by the no-slip condition which can be
restated as

9 = 0,
∂9

∂z
= 0 on z = 0 (34)

and the far-field condition (28). Hence, we find that

F0(0, t) = 0, Fn(0, t) = 0, fn(0, t) = 0, (35)

∂F0

∂z
= 0,

∂Fn

∂z
= 0,

∂fn

∂z
= 0 on z = 0 for all t, (36)

exp(−λz)F0→ 0, exp(−λz)Fn→ 1

2λ
exp(ξ0) sin α(t)δ1,n,

exp(−λz)fn→ 1

2λ
exp(ξ0) cosα(t)δ1,n, as z→∞, (37)

and

exp(−λz)∂F0

∂z
→− α̇(t)

2
exp(λz+ 2ξ0),

exp(−λz)∂Fn
∂z
→ 1

2 exp(ξ0) sin α(t)δ1,n,

exp(−λz)∂fn
∂z
→ 1

2 exp(ξ0) cosα(t)δ1,n as z→∞ (38)

for n = 1,2, . . . andδ1,n is the Kronecker delta defined by

δ1,n =
{

1 if n = 1

0 if n 6= 1
. (39)

Further conditions satisfied by the functionsrn(z, t) andsn(z, t) can be obtained by consid-
ering the properties of the solutions to Equations (30), (31) together with their corresponding
boundary conditions (35)–(38). These conditions are of a global or integral nature and are
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exact; they also play an important role in the determination of the surface vorticity and are
given by∫ ∞

0
exp(−nλz)rn(z, t)dz = exp(ξ0) cosα(t)δ1,n, (40)∫ ∞

0
exp(−nλz)sn(z, t)dz = exp(ξ0) sin α(t)δ1,n, (41)∫ z∞

0
s0(z, t)dz = − α̇(t)

2
exp(2(ξ0+ λz∞)). (42)

The use of integral conditions in a numerical scheme is also used in the studies of Dennis and
Staniforth [14], Collins and Dennis [15] and Badr and Dennis [17] to mention a few.

Equations (30), (31) at a fixed value oft are of the form

h′′(z)− β2h(z) = g(z), (43)

whereβ = nλ and the prime refers to differentiation with respect toz. We may integrate these
ordinary differential equations using step-by-step formulae. The important point to note here
is that the particular marching algorithm to be used is dependent on the parameterβ. Dennis
and Chang [26] have found that most step-by-step procedures become increasingly unstable
asβ becomes large. Hence, two sets of step-by-step methods were utilized: one forβ < 0·5
while another forβ > 0·5. The specific schemes used will not be presented; however, these
details can be found in Staniforth [8].

Equation (23) is solved by finite differences. Previous studies for the case of a circular
cylinder have also expanded the vorticity in a Fourier series. In this instance the metric given
byH 2 = e2ξ is independent ofθ . In our problem the metric, given by Equation (13), depends
on θ and, consequently, complicates matters greatly if expressed in a Fourier series. Despite
this, Patel [16] for the case of a stationary inclined elliptic cylinder expanded the vorticity
in a Fourier series and numerically solved the resulting partial differential equations for the
Fourier coefficients.

The scheme used to approximate Equation (23) is very similar to the Crank–Nicolson
implicit procedure. Equation (23) may be rewritten in the form

t
∂ω

∂t
= q(z, θ, t), (44)

where

q(z, θ, t) = 1

4H 2

∂2ω

∂z2
+ z

2

∂ω

∂z
+ ω

2
+ λ2

4H 2

∂2ω

∂θ2

+ t

H 2

(
∂9

∂θ

∂ω

∂z
− ∂9
∂z

∂ω

∂θ

)
− 2λtα̈. (45)

It is the finite-difference approximation to the time derivative that enables us to advance the
solution step-by-step in time. Assuming the solution at timet is known, let us advance the
solution to timet +1t by integrating Equation (44). Integration by parts yields

ωτ |t+1tt −
∫ t+1t

t

ω dτ =
∫ t+1t

t

q dτ, (46)
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where1t is the time increment. If we approximate the integrals using the trapezoidal rule this
brings us to the expression

ω(z, θ, t +1t) = ω(z, θ, t)+
(

1t

2t +1t
)
[q(z, θ, t +1t)+ q(z, θ, t)]. (47)

Sinceq(z, θ, t + 1t) depends onω(z, θ, t + 1t) and its derivatives the scheme is implicit.
Equation (47) is solved iteratively using the Gauss–Seidel procedure. All spatial derivatives
appearing in (45) are approximated using central differences.

The boundary conditions used in solving the vorticity transport equation include

ω(z, θ, t) = ω(z, θ + 2π, t) (48)

and

ω(z∞, θ, t) = −2λα̇. (49)

The surface vorticity is determined by inverting (32), (33); this leads to the following expres-
sion

ω(0, θ, t) = 1

H 2
0

{
1
2s0(0, t) +

∞∑
n=1

[rn(0, t) sin nθ + sn(0, t) cosnθ]
}
. (50)

To initiate the integration procedure, the solution att = 0 must be known. Settingt = 0,
and henceλ = 0, in Equations (22), (23) yields

∂29

∂z2
= H 2

0ω, (51)

1

H 2
0

∂2ω

∂z2
+ 2z

∂ω

∂z
+ 2ω = 0. (52)

The exact solution to Equations (51), (52) satisfying all the boundary conditions is given by

ω(z, θ,0) = 2√
πH0

exp(ξ0−H 2
0z

2) sin(θ + α(0)), (53)

9(z, θ,0) = exp(ξ0)

H0

[
H0z erf(H0z)+ 1√

π
(exp(−H 2

0z
2)− 1)

]
sin(θ + α(0)) (54)

where erf(H0z) denotes the error function.
We summarize the numerical method by listing the numerical procedure. Assuming all

quantities are known at timet and realising that we wish to advance the solution a timet+1t ,
we perform the following steps (k denotes the iteration counter):

(1) solve forω(k)(z, θ, t + τ) using (47) everywhere except on the cylinder surface(z = 0),
(2) computer(k)n (z, t + τ), (k)n (z, t + τ) from (32), (33) forz 6= 0,
(3) calculater(k)n (0, t + τ), s(k)n (0, t + τ) by enforcing the integral conditions (40)–(42) and

hence computeω(k)(0, θ, t + τ) from (50),
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348 S. J. D. D’Alessio et al.

(4) solve Equations (30), (31) forf (k)n (z, t+τ),F (k)n (z, t+τ) and thus obtain9(k)(z, θ, t+τ)
using (29), and

(5) repeat above steps till convergence is reached and incrementk by 1 after each complete
iteration.

Step (3) indicates how the integral conditions are used in determining the surface vorticity. It
may also be necessary to subject the surface vorticity to under-relaxation in order to obtain
convergence. Convergence is reached when the difference between two successive iterates
of the surface vorticity,|ω(k+1)(0, θ, t) − ω(k)(0, θ, t)|, falls below some specified tolerance
ε. Typically, ε = 10−6 was used. Lastly, we point out that the integrals appearing in (32),
(33) were evaluated by Filon integration in order to guarantee consistent accuracy for alln.
This technique bears a close resemblance to Simpson’s rule with the exception that only the
unknown part of the integrand is approximated by a parabola over three successive grid points
rather than the entire integrand.

5. Results

The flow is characterized by the following dimensionless parameters: Re, r, α0, δ, f . By the
choice ofα(t) many cases can be considered. For example,α(t) = α0 for the stationary case
while α(t) = 2πf t for the pure rotational case. Runs were carried out for Reynolds numbers
500 and 1,000 spanning at least two complete cycles. A thin ellipse havingr̂ = 0·1 oscillating
at a frequencyf = 0·5 was considered. The remaining parameters were varied in order to
determine their effect on the flow. Since all cases considered havef = 0·5, or T = 2, and
δ > 0 a complete cycle consists of the following four stages. In the initial stage, 0< t 6 0·5,
the ellipse starts out at its lowest inclination,α0 − δ, and its rate of oscillation,̇α, increases
from zero to its maximum value 2πf δ at t = 0·5 whereα(0·5) = α0. During the second
stage where 0·5 < t 6 1 the ellipse’s inclination continues to increase to its maximum value,
α0 + δ, at t = 1; however,α̇ decreases steadily to zero during this time interval. Then for
1 < t 6 1·5 the inclination begins to decrease and assumes a value ofα0 at t = 1·5 while α̇
increases from zero to its maximum value att = 1·5. In the final stage where 1·5< t 6 2 the
inclination continues to decrease to its minimum value att = 2, thus completing one cycle.
The oscillation rate decreases from its maximum value to zero during this final interval.

Before presenting the numerical results we first test our numerical scheme against existing
results for the purely translating case with Re= 5,000,α = π/12 andr̂ = 0·6. To demon-
strate convergence computations were carried out on three different grids: a fine grid having
N ×M = 201× 161, an intermediate grid withN ×M = 151× 121 and a coarse grid of
N ×M = 101× 81. Displayed in Figures 1a and 1b are the time variations in the drag and
lift coefficients,CD andCL, respectively. We computed the drag and lift coefficients using the
formulae

XP = 2 sinh ξ0
Re

∫ 2π

0

(
∂ζ

∂ξ

)
0

sin(θ)dθ,

XF = −2 coshξ0

Re

∫ 2π

0
ζ0 sin(θ)dθ,
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(a) (b)

Figures 1(a–b). Variation of the (a) drag and (b) lift coefficients with time using the gridsN ×M = 101× 81

(dotted line),N × N = 151× 121 (dashed line) andN ×M = 201× 161 (solid line) for the case Re= 5,000,

r̂ = 0·6 andα = π
12. Also shown are results obtained by Staniforth [8] using a numerical procedure (crosses) and

a series solution (circles).

YP = −2 coshξ0

Re

∫ 2π

0

(
∂ζ

∂ξ

)
0

cos(θ)dθ,

YF = 2 sinh ξ0
Re

∫ 2π

0
ζ0 cos(θ)dθ.

DefiningX = XP +XF andY = YP + YF we then arrive at

CD = X cos(α(t))− Y sin(α(t)), (55)

CL = Y cos(α(t))+ X sin(α(t)). (56)

Also shown in the diagrams are the values obtained by Staniforth [8] using both a numerical
procedure as well as a series solution which is valid for small times. We point out that att = 0
bothCD andCL are infinite in magnitude due to the fact that the cylinder experiences infinite
acceleration at that time and then decreases rapidly. For this reasonCD andCL are plotted for
t > 0·01. Figure 1a illustrates very good agreement inCD and shows little dependence on
the grid used while Figure 1b reveals that the computation ofCL does show some dependence
on the grid size. However, very little is gained in going from the intermediate grid to the fine
grid. Also, the results obtained agreed well with those of Staniforth. As expected, the series
solution forCL departs from the numerical solution as time increases.

The remaining computations were carried out using the intermediate grid ofN × M =
151× 121. Other computational parameters used include an outer boundary ofz∞ = 8, a
relaxation parameter in the range 0·1 6 κ 6 0·5, and 20 terms of the Fourier series. The
number of terms retained in the Fourier series was determined by experimenting with the
exact initial solution for the stream function. It was found that the number of terms in the
series was adequate for all times considered. Because of the impulsive start, small time steps
were needed to get past the singularity att = 0. In order to get an estimate on a reasonable
initial time step the stability condition
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Figures 2(a–d). Streamline plots for the case Re=
500, r̂ = 0·1 andα = π

4 at times (a)t = 1, (b) t = 2,
(c) t = 3 and (d)t = 4.

Figure 3(a–c). Streamline plots for the case Re=
500, r̂ = 0·1 andα = π

6 − π
30 cos(πt) at early times

(a) t = 0·2, (b) t = 0·4, and (c)t = 0·6.

1t 6 ReH 2
mh

2

4

was used. This condition results from Equation (19) which states that for early times the prob-
lem can be treated as a simple heat conduction equation with the nonlinear terms neglected
and withH assuming its minimum value on the surface,Hm. The time step implied by this
condition represents an upper bound required initially. The quantityH 2

m is given by

H 2
m =

cosh(2ξ0)− 1

2

andh = z∞/N , thus we arrive at

1t 6 Re(cosh(2ξ0)− 1)z2∞
8N2

.

For z∞ = 8, N = 161, Re≈ 100 and tanhξ0 = 0·1 we find that1t 6 0·0006. From this
crude estimate we decided to proceed initially with time steps of 10−4 for the first 10 advances.
Once the solution had evolved past the initial singular stage it was observed that the time step
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Figures 4(a–d). Streamline plots for the case Re=
500, r̂ = 0·1 andα = π

6 − π
30 cos(πt) at times (a)

t = 1, (b) t = 2, (c) t = 3 and (d)t = 4.

Figures 5(a–c). Streamline plots for the case Re=
500,r̂ = 0·1 and α= π

6 − π
30 cos(πt) at intermediate

times (a)t = 1·5, (b) t = 2·5, (c) t = 3·5.

could be increased substantially. For example, the next 10 time steps were proceeded with
1t = 10−3 and continued after with1t = 10−2. Clearly, this time step can be increased by
working with a coarser grid. We emphasize that no stability difficulties were encountered with
the choice of grids and parameters listed above. In order to plot the streamlines in the inertial
reference frame we must relate it to its counterpart in the rotating reference frame. This is
done through the expression

ψI = ψR + 1
2α̇(t)r

2,

where the subscriptI denotes the inertial frame whileR denotes the rotating frame andr refers
to the polar radius,r2 = x2 + y2. Similarly, the vorticities are related through the expression

ζI = ζR + 2α̇(t).

To establish the dependence of the flow on the parameters Re,α0 andδ we present the flow
patterns in the following systematic order. In all flow patterns to be presented, the direction
of the flow is from right to left. We begin with the stationary case Re= 500,α0 = π/4 and
δ = 0. Next, we discuss the results for Re= 500,α0 = π/6, δ = π/30. Following this
we consider the case Re= 1,000,α0 = π/6, δ = π/30 to illustrate the dependence on the
Reynolds number. Lastly, we present the case with Re= 500,α0 = π/4, δ = π/12 to portray
the effect of increasing both the inclination and the amplitude of oscillation and also to bring
out the effect of oscillation.
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Shown in Figure 2 are four snap shots of the flow field at timest = 1,2,3,4 for the purely
translating case with Re= 500, r̂ = 0·1 and α(t)= 45◦. At t = 1 Figure 2a shows vortices
ocurring at the leading edge. Also evident from this diagram, yet less apparent, is that vortex
shedding has already taken place. This is evidenced by the wavy streamline behind the trailing
edge. As the time is increased tot = 2 we see that the shed vortex has been convected further
downstream while the vortices at the leading edge grow. Figures 2c, d for timest = 3,4
respectively reveal that the vortices at the leading edge continue to grow and eventually span
the entire top side of the ellipse. While secondary vortices are shown to be forming at the
leading edge no new vortices are shed off the trailing edge. As a final observation, we note
that as the shed vortex continues to travel downstream it becomes weaker.

Illustrated in Figures 3–5 are instantaneous streamline patterns for the case Re= 500,
r̂ = 0·1 andα(t) = π/6− π/30 cos(πt); thus, the ellipse is oscillating about an average
inclination of 30◦ with an amplitude of oscillation of±6◦. Figure 3 confirms that the trailing
vortex is formed and shed early in the first half of the cycle while Figures 3c and 4a verify
that the leading vortex is formed later on in the first half during the time when the ellipse is
decelerating in an upward motion and before it attains its maximum inclination. Figure 4c at
t = 3 reveals that another vortex has been shed from the trailing edge early in the second
cycle of oscillation. Portrayed in Figures 5a, b, c are intermediate flow patterns at times
t = 1·5,2·5,3·5, respectively. These correspond to instants when the rate of oscillation is
maximum and the ellipse assumes its average inclination. In Figures 5a,c the ellipse is des-
cending while in Figure 5b it is ascending. While ascending or descending fluid is forced to
flow around the leading and trailing tips of the ellipse. When descending the vortices formed at
the leading edge are strengthened. On the other hand, when ascending the secondary vortices
formed at the leading edge temporarily disappear and reappear just before the ellipse reaches
its maximum inclination.

In Figure 6 the Reynolds number is increased to Re= 1,000 while the inclination is the
same as in the previous case. In comparing Figure 6 with Figure 4 we see that increasing the
Reynolds number from 500 to 1,000 has little effect as both plots share many similarities.
One of which is that the primary vortex formed at the leading edge moves slightly along the
top surface of the cylinder towards the trailing edge. Differences in size of the vortices at the
leading edge are noticed att = 1 as well as the distance that the shed vortex has travelled
downstream.

We now discuss the case Re= 500, r̂ = 0·1 andα(t) = π/4− π/12 cos(πt); here the
ellipse is oscillating about an average inclination of 45◦ with an amplitude of oscillation of
±15◦. This corresponds to the case known as deep stall. Streamline patterns are included
in Figures 7–11. Comparing Figure 2 (the stationary case withα = π/4) with Figure 8
we see that the flow features are essentially the same at timest = 1 and t = 2. Marked
differences become apparent at timest = 3 andt = 4 since vortex shedding occurs again for
the oscillating case. Each oscillation of the ellipse appears to provoke vortex shedding. Thus
an obvious effect of oscillation is to induce vortex shedding from the trailing edge. This effect
superposes itself on the usual vortex development around a purely translating elliptic cylinder.
The resulting flow pattern depends on the relative strength and synchronization of these two
vortex processes. Another difference lies in the way the primary and secondary vortices at the
leading edge interact with one another. In the stationary case these vortices remain separated
whereas in the oscillating case they begin to merge. To determine the effect of increasing
both the average inclination and the amplitude of oscillation we compare Figures 7–11 with
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Figures 6(a–d). Streamline plots for the case Re=
1,000,r̂ = 0·1 andα = π

6 − π
30 cos(πt) at times (a)

t = 1, (b) t = 2, (c) t = 3 and (d)t = 4.

Figures 7(a–c). Streamline plots for the case Re=
500, r̂ = 0·1 andα = π

4 − π
12 cos(πt) at early times

(a) t = 0·2, (b) t = 0·4, (c) t = 0·6.

Figures 8(a–d). Streamline plots for the case Re=
500, r̂ = 0·1 andα = π

4 − π
12 cos(πt) at times (a)

t = 1, (b) t = 2, (c) t = 3 and (d)t = 4.

Figures 9(a–b). Streamline plots for the case Re=
500,r̂ = 0·1 and α= π

4 − π
12 cos(πt) at intermediate

times (a)t = 2·5, (b) t = 3·5.
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Figures 10(a–b). Streamline plots for the case
Re = 500, r̂ = 0·1 andα = π

4 − π
12 cos(πt)

at later times (a)t = 5, (b) t = 6.

Figures 11(a–b). Streamline plots for the case Re= 500,
r̂ = 0·1 andα = π

4 − π
12 cos(πt) at larger times (a)

t = 7, (b) t = 8.

Figures 3–5. Doing this we find that the vortices at the leading edge grow at a faster rate. At
t = 4 in Figure 8d the merged vortices are forced to shed off the top surface and new vortices
are forming at the leading edge. The quick shedding of the vortices from the top surface
is due to having such a large amplitude of oscillation. Shown in Figures 9a, b are the flow
patterns at the intermediate times oft = 2·5,3·5 when the ellipse is ascending and descending
respectively. The forced flow around the tips of the ellipse is more evident in these figures
than in those illustrated in Figure 5. In addition we present plots for larger timest = 5,6
in Figures 10a,b, respectively, and timest = 7,8 in Figures 11a,b respectively. Figures 10a
and 11a indicate that vortices have been formed and shed from the trailing edge therefore
suggesting that the frequency at which vortices are shed is equal to the frequency of oscillation
of the ellipse. In the literature this occurrence is referred to as lock-in and has significant
consequences on the drag and lift and on the power transfer between the body and the fluid.
These figures show that the shed merged vortices from the top surface have now formed a
single vortex and is being carried downstream. As they travel downstream they weaken. This
is evidenced by the fact that close to the ellipse vortices are observed as closed streamlines
whereas further away they are observed as wavy streamlines. The step-like distortions in the
streamlines shown in Figures 9 and 10 indicate that there is a sharp transition separating
the essentially unaffected uniform far-field flow from the region closer to the cylinder most
influenced by the expanding boundary layer and vortex shedding process. Lastly, as already
mentioned, the plots fort = 7,8 reinforce the observation that the descending movement of
the leading edge induces vortices to form at the leading edge while ascending motion freezes
further development.

Finally, included in Figures 12a, b are vorticity contour plots for the case Re= 500, r̂ =
0·1 and α(t)= π/4− π/12 cos(πt) at timest = 7,8 respectively. The various closed curves
observed in these diagrams confirm the ongoing vortex shedding process and also how quickly
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Figures 12(a–b). Vorticity contour plots for the case
Re = 500, r̂ = 0·1 andα = π

4 − π
12 cos(πt) at

times (a)t = 7 and (b)t = 8.

Figure 13. Surface vorticity distribution for the case
Re= 500, r̂ = 0·1 andα = π

4 − π
12 cos(πt) at times

t = 5, 6,7, 8.

Figures 14(a–b). Variation of the (a) drag and (b) lift coefficients with time for the cases Re= 500, r̂ = 0·1,
α = π

4 − π
12 cos(πt) (solid line) and Re= 1,000,r̂ = 0·25,α = π

6 − π
45 cos(πt) (dashed line).

the magnitude of the vorticity decays with downstream distance. The furthest closed contour
is approximately an order of magnitude less than the contour closest to the cylinder. The
corresponding surface vorticity distributions at timest = 5,6,7,8 are illustrated in Figure 13.
These plots reveal rapid variations in the vicinity of the tips of the ellipse located atθ =
α,180◦ + α. Also indicated in these plots is that the sense of rotation when the ellipse is
at its maximum inclination is opposite to that at its lowest inclination. The strength of the
vorticity is greatest at the leading tip when the ellipse is at its maximum inclination and the
situation reverses when the minimum inclination is reached. The diagram also suggests that
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a periodic pattern in the surface vorticity distribution may be emerging. Since the forcing is
periodic it is natural to assume that a periodic flow results. To pursue this possibility further,
runs were carried out for larger times. In Figures 14a, b drag and lift coefficients are plotted
respectively for the cases Re= 500,r̂ = 0·1,α = π

4 − π
12 cos(πt) and Re= 1,000,r̂ = 0·25,

α = π
6 − π

45 cos(πt). Not shown in these plots are the variations inCD andCL during the
first cycle since they change rapidly over several orders of magnitude during this interval.
Figure 14a shows that the drag coefficient does reveal an almost periodic variation; however,
the corresponding plot for the lift coefficient is not as suggestive. Judging from this, it maybe
that the flow never settles down to a periodic state at these Reynolds numbers. The variations
also indicate bursts of rapid fluctuations occurring in bothCD andCL at similar instants when
the ellipse is near its minimum inclination. In another study, D’Alessio [27] has shown that
a periodic pattern inCD andCL does emerge for Re> 20 for the stationary case while for
Re6 20 the drag and lift coefficients asymptotically approach their steady state values.

6. Conclusions

Considered in this paper is the unsteady two-dimensional flow of a viscous incompressible
fluid past an impulsively started oscillating and translating elliptic cylinder. Due to the im-
pulsive start of the motion, a singularity results in the vorticity. To remove this singularity
and to stretch the thin boundary-layer a transformation was introduced. This boundary-layer
type transformation incorporates the known early structure of the flow into the equations of
motion.

A numerical method was described which is successful in computing the early stages of the
flow immediately following the impulsive start for the Reynolds numbers of 500 and 1,000.
Illustrated in the streamline plots are the features of vortex formation and vortex shedding from
the leading and trailing edges of the ellipse. The effects of oscillation have been qualitatively
described by comparisons with the corresponding translating case. The main difference ob-
served deals with the rate at which vortices are shed from the trailing edge. For the oscillating
case this frequency equals the oscillation frequency experienced by the ellipse for the cases
considered. The flow patterns revealed that each oscillation provoked a rolling-up of the fluid
successively around the leading and trailing edges of the ellipse. Also, the dependence of
the flow on the average inclination and amplitude of oscillation was investigated. It appears
that having a larger average inclination and amplitude of oscillation promotes the growth of
vortices formed at the leading edge and forces them to be subsequently shed off the top surface
of the ellipse. Further, it was observed that increasing the Reynolds number from 500 to 1,000
had little effect. Lastly, the results predicted by our numerical method have been tested against
existing results for the stationary case. Good agreement with these results was found.
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